Abstract. The R-Matrix-Floquet theory of multiphoton processes is extended to enable harmonic generation rates for a multi-electron atomic system interacting with a strong linearly polarized laser to be calculated. The matrix elements of the harmonic components are de ned and several methods for their computation are described. In the two companion papers, applications of the theory to one{electron systems and to third harmonic generation in magnesium are presented.
Introduction
Atoms irradiated by intense laser pulses can emit radiation at multiples, or harmonics of the pump laser frequency (see e.g. McPherson et al. 1987 , Ferray et al. 1988 , Li et al. 1989 , L'Huillier et al. 1991 , Wahlstr om, 1994 . This phenomenon, called harmonic generation (HG) has attracted considerable interest in recent years, in particular as a promising source of coherent high frequency radiation in the XUV and X-ray ranges. High order harmonics, and hence highly energetic photons, can be produced by focusing into an atomic gas either a high-frequency laser such as an excimer (KrF) laser (Rhodes 1987 , Sarukura et al. 1991 , Preston et al. 1996 or a low frequency (Nd:glass, Ti:saphire) laser Balcou 1993, Macklin et al. 1993 ). In the latter case the harmonic spectrum exhibits a characteristic behaviour consisting of a rapid decrease of the rst few harmonic yields, followed by a plateau and an abrupt cut-o .
The theoretical treatment of harmonic generation by an intense laser pulse focused into a gaseous medium has two main aspects (L'Huillier et al. 1991 , Burnett et al. 1993 . First, the microscopic, single atom response to the laser eld must be analyzed, the harmonic spectrum emitted by an individual atom being therefore calculated from Schr odinger's equation. The single atom spectrum, obtained for a range of pump laser intensities, must then be combined to obtain the macroscopic harmonic elds generated from the coherent emission of all the atoms in the laser focus. This is done by using the single{atom polarization elds as source terms in Maxwell's equations (see e.g. L 'Huillier et al. 1991) .
In this article we shall only be concerned with the microscopic aspect of harmonic generation, i.e. by the calculation of harmonic emission rates from a single atom. This problem has been the subject of numerous theoretical investigations. If the laser eld is not too strong, the harmonic emission rates can be calculated by using perturbation theory (see e.g. Manakov and Ovsyannikov 1980 , Gontier and Trahin 1982 , Gao and Starace 1989 , Pan et al. 1989 , Potvliege and Shakeshaft 1989a . We are interested here in the case of strong laser elds, for which two main approaches have been used to calculate harmonic generation rates in a non-perturbative way.
The rst approach is the direct numerical solution of the time-dependent Schr odinger equation (TDSE). This method has been used to study harmonic emission by one dimensional model systems (see e.g. Eberly et al. 1989a,b) for a model atom with a delta function potential (Becker et al. 1990 (Becker et al. , 1994 and for realistic three-dimentional atoms in the single active electron (SAE) approximation (see e.g. Kulander and Shore 1989 , DeVries 1990 , La Gattuta 1990 , Krause et al. 1992a , Kulander et al. 1992 , Lewenstein et al. 1994 ). In particular the numerical calculations of Krause et al. (1992b) showed that for low laser frequencies the maximum (cut-o ) energy at the end of the plateau is well approximated by the simple formula I p + 3U p where I p is the ionization potential of the atom and U p = E 2 0 =4! 2 is the ponderomotive energy (in atomic units) of an electron in a laser eld of electric eld strength E 0 and angular frequency !. This simple result for the cut-o formula at low frequencies can be understood by using a semi-classical model, proposed by Kulander et al. (1993) and Corkum (1993) , in which electrons rst tunnel through the slowly moving potential barrier formed by the atomic potential and the laser eld. After escaping from the atom, some electrons, driven by the electric eld, can return to the nucleus and emit harmonics by recombining into the atomic ground state. The cut-o frequency ! c predicted by this simple two-step \rescattering" model is given (in atomic units) by ! c = I p + 3:2U p (1) in good agreement with the TDSE calculations of Krause et al. (1992b) . A fully quantum mechanical description of harmonic generation formulated with the TDSE approach in the SAE \rescattering" picture has been formulated by Lewenstein et al. (1994) . It leads to an expression of the cut-o frequency which is very close to the result given by equation (1). Recently, the rst TDSE calculations of HG performed beyond the SAE approximation have been reported for the case of helium (Parker et al. 1996) . Such computations, which require massively parallel supercomputers, provide very useful benchmarks for the case of two electron atoms in strong laser elds. However, it is unlikely that calculations of this kind will be available in the near future for manyelectron atoms.
In order to develop a non-perturbative theory of harmonic generation for manyelectron atoms which is capable of including correlation e ects, we therefore turn to the second approach to the harmonic generation problem, which uses the Floquet formalism (Potvliege and Shakeshaft 1989b) . This approach has been used successfully by Potvliege and Shakeshaft (1989b) to calculate non-perturbative harmonic emission rates for atomic hydrogen in a linearly polarized laser eld at wavelengths of 1064 nm and 532 nm by using Sturmian basis functions to expand the Floquet harmonic components of the wave function. However the use of Sturmian basis functions becomes prohibitively cumbersome for atoms with more than one active electron. In order to study the problem of harmonic generation for complex atoms within the Floquet approach, an alternative method is therefore needed.
In this paper we present a general theory of HG for complex atoms in a linearly polarized laser eld, which is based on the R-matrix-Floquet method of Burke et al. (1990 Burke et al. ( , 1991 . This method, which is non-perturbative and applicable to an arbitrary atom, has already been applied successfully to multiphoton ionization processes and laser-assisted collisions (see e.g. the reviews by Joachain 1997 and Kylstra 1997 . In Section 2 we show how the R-matrix-Floquet theory can be extended to analyse harmonic generation from single atoms. Section 3 describes the calculation of the required dipole matrix elements. Section 4 contains our conclusions. Two applications of the general theory developed in this article are presented in two companion papers by Bensaid et al. (1997) and by G ebarowski et al. (1997) . Atomic units (a.u.) will be used throughout this paper unless otherwise indicated.
2. Theory 2.1.
Basic equations
Let us consider an atomic system (atom or ion), composed of a nucleus of atomic number Z and N + 1 electrons, in a laser eld treated classically as a spatially homogeneous, monochromatic, linearly polarized electric eld
where is a unit vector along the polarization direction, E 0 is the electric eld strength and ! is the angular frequency. The corresponding vector potential is A(t) =^ A 0 sin(!t), with A 0 = ?cE 0 =!. Neglecting relativistic e ects, the atomic system in the presence of this laser eld is described by the time-dependent Schr odinger equation (Burke et al. 1991 , referred to hereafter as RMF I) i @ @t (X N+1 ; t) = H N+1 + 1 c A(t) P N+1 + N + 1 2c 2 A 2 (t) (X N+1 ; t) (3) where H N+1 is the Hamiltonian of the (N + 1) { electron atomic system in the absence of the laser eld, X N+1 (x 1 ; x 2 ; :::x N+1 ) where x i (r i ; i ) are the space and spin coordinates of the ith electron and
denotes the total momentum operator. The rate for emitting photons of frequency = q! with a speci c polarization^ in a directionn is given by (Potvliege and Shakeshaft 1989b) 
We now make the Floquet ansatz for the wave function, namely
where the functions n are the harmonic components of (t), and the complex quasienergy E of the Siegert state corresponding to the wave function (t) is given by E = Re(E) ? i?=2;
(9) ? being the total ionization rate of that state. Inserting the Floquet ansatz (8) into the expression (6) (12) we see that equation (10) 
By comparing equations (5) and (14) and taking the limit ? ! 0, it follows that the rate for generating photons of frequency = q! and polarization^ is given by putting
The rate for emission of photons into a given solid angle dn is obtained by summing over polarizations of the emitted radiation. Finally, the total emission rate is obtained by integrating over all directions.
In order to calculate the quantities d q which are needed to obtain the emission rates, we use the R-matrix-Floquet method of Burke et al. (1990 Burke et al. ( , 1991 to calculate the harmonic components n . We subdivide con guration space into an internal and an external region. The internal region is de ned by the condition that the radial coordinates r i of all N + 1 electrons are such that r i a (i = 1; 2; : : : N + 1), where the sphere of radius a envelops the charge distribution of the target atom states retained in the calculation. In this region exchange e ects involving all N + 1 electrons are important. The external region is de ned so that one of the N + 1 electrons lies on or outside the sphere of radius a while the remaining N electrons are con ned within this sphere. Hence in this region exchange e ects between the \external" electron and the remaining N electrons can be neglected. Having divided con guration space into an internal and an external region, we solve the time dependent Schr odinger equation (3) in these two regions separately by using the Floquet ansatz (8), which reduces the problem to solving an in nite set of coupled timeindependent equations. Following RMF I, we use the length (L) gauge in the internal region. Thus, performing the gauge transformation (X N+1 ; t) = exp ? i c A(t) R N+1 L (X N+1 ; t)
we nd that the wave function L (X N+1 ; t) satis es the Schr odinger equation
To solve this equation, we introduce the Floquet-Fourier expansion
and we nd that the harmonic components L n satisfy the in nite set of coupled, timeindependent equations (20) which describes the coupling between the laser eld and the (N + 1)-electron atomic system in the length gauge. Following RMF I, the eigenvalue problem of equation (19) can be rewritten compactly as
where the Floquet Hamiltonian H F is an in nite matrix of operators given by equation (14) 
and the solution of equation (21) can be written in the form
where the coe cients A k are given by
and the summation over the index n goes over the Floquet-Fourier components of the vectors j L k i and j L i.
Projecting the nth-Floquet component of equation (24) (29) The primes on the brackets in equations (28) and (29) mean that the integration is carried out over all electronic space and spin coordinates except the radial coordinate r N+1 of the ejected electron. We note that the harmonic components L n can be expanded on the boundary r N+1 = a as 
8 Finally, from equations (25), (28) and (29) (32) which appears in equation (31). This is achieved by solving the problem in the external region, a question to which we now turn our attention.
Solution in the external region
We now consider the solution of the time-dependent Schr odinger equation (3) in the external region, where r i a (i = 1; 2; : : : N) and r N+1 a. Following RMF I, we shall use the velocity gauge to describe the interaction of the \outer" electron (N + 1) with the laser eld, while we continue to use the length gauge to treat the interaction of the N inner electrons with the laser eld. This is accomplished by performing the unitary transformation (X N+1 ; t) = exp ? i c A(t) R N ? i 
where we have omitted the antisymmetrisation operator, since electron exchange between the outer electron and the remaining N electrons is negligible in the external region. As shown in RMF I and in D orr et al. (1992) , referred to hereafter as RMF II, the reduced radial wave functions G ? in describing the radial motion of the outer electron satisfy the di erential equation
In this equation, the components of the matrix G are G ? in , P is an antihermitian constant matrix, V is a potential matrix which can be expanded in inverse powers of r and k 2 is the diagonal energy matrix.
The relation between G and F (whose components F ? in are de ned by equation (28) (42) where the matrix V R in the velocity gauge is related to the R{matrix in the length gauge L R, de ned by equation (27), by
Equation (42) provides the boundary conditions at r = a which must be satis ed by the solution of equation (40) in the external region. The solution of equation (40) in the external region has been discussed in detail in RMF II . At some radius a 0 a an asymptotic expansion is used to determine n c linearly independent solutions G j , j = 1; : : : ; n c of equation (40) satisfying outgoing wave Siegert boundary conditions, where n c is the number of coupled channels in equation (40) 
where the coe cients d j are determined by substituting these expansions into equation (42) giving
This is a set of n c homogenous linear simultaneous equations which have a non{trivial solution only when the determinant of the matrix of coe cients is zero. This occurs at discrete values of the energy E, the complex quasi{energies, which are calculated from equation (45) using a non{linear iterative procedure. Since we have seen that L R(E), and hence V R(E) in equation (45), are determined at all energies by a single matrix diagonalization de ned by equation (23), this procedure only involves determining the n c linearly independent external region solutions G j (a) and their derivatives G 0 j (a) at each stage of the iteration.
The solution of equation (45) 3. Calculation of the dipole matrix elements.
In order to evaluate the dipole matrix elements d qn given by equation (11) we insert the expansion of the wave function given by equation (24) in the internal region and given by equation (39) in the external region. We assume that the main contribution to the dipole matrix elements comes from the internal region and that we can normalize the total wave function in this region to unity. However, it is important to have the boundary condition at r = a imposed by matching to the solution in the external region as discussed above. Hence even if the matrix elements are only evaluated in the internal region we ensure in this way that this solution has the correct asymptotic form. The approximation of only retaining the contributions to the HG rate from the internal region is also consistant with the physical picture that the most important region for harmonic generation is the one near the nucleus (L'Huillier et al. 1992) , where it is possible for the electron to irradiate the energy gained from the eld.
Finally, we also have to calculate the normalization integral. Using equations (22) The integrals in equation (47) are carried out over the internal region and are therefore straightforward to evaluate. However if a contribution to the integral from the external region is required special care is needed since the continuum orbitals correspond to complex{energy outgoing solutions. Their integrals diverge at large r, but can be made nite by using analytic continuation methods (see the following paper Bensaid et al. , 1996) .
Conclusions
We have presented the rst formulation of harmonic generation theory for multi{electron atoms using the R-matrix-Floquet approach. We calculate matrix elements and resulting harmonic generation rates taking into account the contributions from the internal region, where according to the harmonic generation model the electron emits radiation of higher frequency than the laser frequency. In two subsequent companion papers we illustrate our new theory by applying it to one{electron systems and to magnesium.
